Negative Poisson ratio (NPR) materials based on a re-entrant honeycomb structure expand in the direction perpendicular to an externally exerted tension. This feature makes NPR structures attractive for use in microsensors and actuators as versatile motion transformers. When implemented in microdevices, where slender and flexible micromachined elements are widely used, the NPR material can tolerate large deflections. In the present work, motivated by the development of an optical sensor based on a photonic crystal device attached to a NPR based structure, we analyze the behavior of re-entrant honeycomb structures under large deflections. The model of the structure is built using extensible elastica theory for the description of geometrically nonlinear beams with an extensible axis. Results provided by the analytical model are compared with numerical results obtained by the finite element method. It is shown that the Poisson ratio (ν), which is defined entirely by the initial geometry of the structure undergoing small deflections, becomes strain dependent at large deflections. The extensibility of the beam's axis has a strong influence on the ν of the structure at large deflections and leads to the appearance of a minimum on the strain-ν curve. An example of design is demonstrated which yields a desired strain-independent ν of the NPR structure under large deflections.
Introduction
Negative Poisson ratio (NPR) structures are able to expand in the direction perpendicular to the direction of externally exerted tension [1] . These structures can be implemented by a re-entrant honeycomb cell as a basic motion transformer element. A typical re-entrant honeycomb cell and its principle of operation are shown schematically in figure 1. It is build of inclined elements (hereafter referred to as beams) and vertical binding elements (links). We assume that both beams and links have identical cross-sections.
One of the main features of the re-entrant honeycomb structure is its NPR, which is defined as the ratio between the relative shortening (strain) ε V in the direction perpendicular to the direction of applied tension to the relative elongation ε H in the direction of the tension
Here μ = C V /C H and C H and C V are respectively the horizontal and vertical dimensions of the undeformed unit cell (see figure 2(a) ). For the linear case the NPR is given by the expression
where α is the angle between the inclined beams and the vertical links [2, 3] . Compliant re-entrant honeycomb structures have been intensively investigated by many authors. Initially, re-entrant honeycomb structures were studied for implementation in composite materials (see, e.g., [4] and references therein) and deployable structures [5] . Recently, re-entrant honeycomb structures have attracted the attention of researches in the area of MEMS [6] and molecular mechanisms [7] . Unique features of NPR structures make them attractive for use in microdevices as versatile motion transformers [6] and for microcapsules [8] . Re-entrant honeycomb structures of various configurations can be fabricated using known micromachining techniques [9] .
One of the promising applications of this kind is a miniaturized sensor based on piezoceramic transducers, known to develop large forces but small displacements. The incorporation of NPR based motion amplifiers increases both the range of operating frequencies of piezoelectric transducers (due to the low mass of honeycomb structures) and the sensitivity of the device [10] . It is estimated that NPR structures may enhance the performance of piezoelectric actuators by more than an order of magnitude [11] [12] [13] [14] . Another advantage of NPR re-entrant honeycomb structures typically made of slender flexible beams is that they are characterized by high compliances and therefore can be deflected by relatively small forces.
This feature, combined with the ability of NPR structures to provide desired deflections in two perpendicular directions, is useful for the motion detection of microstructures, especially in conjunction with optical sensors based on photonic crystals (PC) [15, 16] . In contrast with the alternative (for example capacitive or interferometric) motion detectors, the implementation of PC for motion sensing requires controllable deflection in two perpendicular directions of the underlying structure that carries the PC.
Various approaches are used for the analysis of compliant re-entrant honeycomb structures. The simplest kinematical model describes the re-entrant honeycomb as an assembly of rigid links attached to each other by frictionless hinges [17] . In the framework of this model, which actually considers reentrant honeycomb as a mechanism, the ν of the microstructure can be readily obtained for small and large deformations using only kinematical relations, and is entirely defined by the initial geometry of the structure. The kinematical model is usually adequate for the analysis of deployable structures/mechanisms [3] . The structural model of a re-entrant honeycomb with rigid joints, which takes into consideration the flexibility of beams, is formulated under the assumption of small deflections of flexible elements forming the honeycomb structure [18] . In the framework of this model, the beams are described by an elementary linear beam theory. The ν in various directions has been analyzed and it has been found that, under the assumption of small deflections, the ν is strain independent and defined entirely by the initial geometry of the structure. When considered in connection with the evaluation of effective properties of composite materials, twoand three-dimensional continuum mechanics models rather that structural models are formulated (see [4] and references therein) while numerical methods, mainly the finite element method (FEM), are used for the analysis (see, e.g., [19] where the influence of geometric effects on the elastic honeycomb structure was studied using FEM and under linear elasticity assumptions).
It should be noted, however, that, in contrast to applications of re-entrant honeycomb structure in NPR composite materials, in microdevices such a honeycomb is usually freestanding and is not embedded into elastic matrix that limits its deformation [6] .
In addition, in microapplications, the use of mechanisms incorporating hinges, axes or other contact or friction based elements is problematic, mainly due to tribological issues, wear, sticktion and the low overall reliability of these elements. This is the reason why in microdevices, where relative motion of parts is necessary, motion-transforming elements are usually realized as compliant structures assembled of slender flexible elements [20] . As a result, due to slenderness of the freestanding flexible elements forming the structure and excellent mechanical properties of the materials from which this structure is typically fabricated (e.g. single crystal Si), structures implemented in microdevices can undergo large deflections without damage. Under these conditions the linear small-deflection description of the honeycomb structure is no longer sufficient and nonlinear large-deflection models should be built [21] .
The goal of the present work is twofold. First, using extensible elastica theory for the description of flexible beams forming the structure, we build the largedeflection geometrically nonlinear model of the NPR re-entrant honeycomb, and study the effective mechanical properties of the structure, and mainly its ν, under large deflections. Next, we verify the model by comparison with numerical results obtained using FEM and solutions available in the literature for limiting cases of small deflections or an inextensible beam axis. Then we evaluate the design and operation parameters of this kind of structure for implementation in a photonic crystal based motion detector [15] .
We show that due to a large deflection of the structure, the geometric nonlinearity of the beams plays an important role in the structure's behavior. In contrast to the linear model of small deflections, the ν becomes strain dependent. We also show that when tensed in the H direction (see figure 2(b) ) the dependence between the strain and ν can be non-monotonic, whereas the influence of the extensibility of the beam's axis on ν is opposite to the influence of the beam bending. This occurs due to the extensibility of the beam axis, which is accounted for by the model and manifests itself mainly at large deflections. In the vicinity of the minimum point of the strain-ν dependence, ν can be considered insensitive to the strain changes. The characteristics of the structure permit tuning of the strain-ν dependence in a wide range, and are very useful for the implementation of compliant NPR re-entrant honeycomb structures in actuating or sensing microdevices, especially in PC based motion sensors. It should also be noted that the large-deflection model (accounting for the extensibility of the beams) can also be used for the investigation of the validity of applicability of approximate models. These approximations could be numerical or simplified models, including linear small-deflection or large-deflection models neglecting the extensibility of the beam axis. 
Extensible elastica model of the inclined beams
A conventional unit cell of the compliant re-entrant honeycomb structure in its initial undeformed configuration is illustrated in figure 2 (a). The cell has dimensions of C H × C V and is built from vertical links of length b and inclined beams of length 2a. These links and the beams meet at junctions at an angle α. The parameters of the cell structure are related by the following expressions:
Due to symmetry considerations of the structure, one can see that the junctions are not rotated when stressed in H or V directions (see figure 2(b)). As a result, the vertical link remains straight and vertical whereas the inclined beam undergoes bending and stretching, keeping its two edges at the same angle α as in the initial position.
Since it is more convenient to perform the analysis in the coordinate system aligned with the axis of the beam, we perform the transformation from a global H V coordinate system to a local X Z coordinate system, as shown in figure 3 . The transformation of the external forces applied on a unit cell is given by the expression
where F V and F H are the external forces applied on a unit cell in global V and H directions, respectively, P is the force acting in the Z direction and n P is the force acting in the X direction. Due to symmetry of the inclined beam and the presence of the inflection midpoint, we analyze a half beam with length a. The beam is fixed at one end and free at the other, where the forces P and n P are applied (where n defines the ratio between the components of F V and F H in X and Z directions) (see figure 4 ). An analytical solution for the end deflection of a prismatic beam made of homogeneous, linearly elastic material is derived under the usual assumptions consistent with the Euler-Bernoulli theory.
For convenience, we present shortly the derivation of the extensible elastica solution (see [22, 23] ). Kinematical equations relating the undeformed and deformed configurations of the beam are as follows:
where X and Z are coordinates of the beam axis in its undeformed configuration, λ is the stretch of the beam axis, u and w are the displacements in X and Z directions, respectively, and θ is the angle between the deformed beam axis and the X axis (see figure 4) . The bending moment M and axial force N are related to the curvature and stretch of the deformed beam axis by the constitutive equations
Here E is the elastic modulus of the beam, A = hd is the section area and I = hd 3 /12 is the second moment of area of the beam cross-section, h is the beam height and d is the beam width. The bending moment and the axial force are related to the external forces P and n P applied to the end of the beam by equilibrium equations
where x 0 and z 0 are coordinates of the beam end in its deformed configuration (see figure 4 ). Substituting equation (7a) into (6a) and differentiating with respect to X yields
Taking into account relations (5b) and (5c) we get
Substitution of equation (7b) into (6b) permits us to express the stretch λ in the form (see [23] for the case of a compressive force)
Finally, substituting equation (10) into (9) we obtain
Equation (11) can be integrated once to yield dθ dX
where C is the constant of integration. For convenience, we rewrite equation (12) in a non-dimensional form
where non-dimensional quantities
are introduced, H 1 = n cos θ − sin θ , H 2 = (n 2 − 1) sin 2 θ + n sin 2θ and P E = π 2 E I/4a 2 is the Euler buckling force of the cantilever of the length a.
Satisfying boundary condition dθ/dX = 0 at the edge X = a of the beam results in
Substituting equation (14) into (13a) yields
where θ 0 = θ(a) is the slope of the deformed beam at its end. It worth noting that the first term under the square root in equation (15) corresponds to the elastica model with an inextensible axis while the second term takes into account the extensibility. Finally, performing one more integration of equation (15) and using boundary condition θ(0) = 0 at the clamped end and substituting for convenience θ with ηθ 0 we obtain the configuration of the deformed beam in the implicit form
Equation (16) combined with equations (4a), (4b) and (13b) defining the forceP in terms of F H and F V relates the slope θ 0 at the end of the deformed beam to the applied forces. Once θ 0 is found, the displacements of the beam edge in H and V directions can be calculated integrating the kinematic equations (5b) and (5c) with respect to θ (with dθ/dX given by equation (15) and θ replaced by ηθ 0 )
Using equations (17a) and (17b) for the calculation of the relative displacements between the ends of the inclined beam in V and H directions, using the simple one-dimensional model for the extension of the link
and taking into account the definition of non-dimensional quantities, equation (13b), we obtain the dimensional elongations H, V of the unit cell in H and V directions, respectively,
The ν of the structure is then calculated using equation (1).
Model verification
First, note that the solution corresponding to the case of an inextensible beam axis can be obtained formally from equations (16) and (17) by settingr = 0 which corresponds physically to an infinite axial stiffness E A of the beam (see equations (10)- (12)). In the case of a beam with an inextensible axis, equations (16) and (17) take the form
which coincides with the solution presented in [24] .
The verification of the model was also carried out through comparison of the results provided by the analytical model with a numerical solution obtained by the FEM. A commercial FEM package was used on one NPR unit cell using twodimensional elastic beam elements with tension, bending and shear capabilities. As an illustrative example we consider a reentrant honeycomb structure with a square unit cell (C H = C V ), inclination angle α = 75
• (see figure 2(a) ) and the non-dimensional gyration radiusr = 0.0112. The cell is subject to the force applied only in the H direction such that F V = 0. Unit cell elongations ε H , ε V in H and V directions were calculated. Although the integrals appearing in equations (16) and (17) can be reduced to elliptic integrals [23] , numerical integration was used. Special quadrature formulae (see, e.g., [25] ) were implemented in order to handle weak singularities appearing in the integrals.
Comparisons between the results given by different models reveal that under small-deflection conditions the differences are indeed small. The relative error is strain independent due to the linear behavior of the structure at small defections (see table 1 where the relative error with respect to the reference FEM solution is shown).
Under large-deflection conditions, significant discrepancy is observed between the results given by the inextensible and the extensible elastica models (see table 2 ). Note that while the influence of the extensibility of the beam's axis on the elongation of the cell in the direction perpendicular to the tension is minor, it has significant influence on the elongation in the direction of tension and therefore on the ν of the structure. 
Results and discussion
In order to study the nonlinear behavior of the NPR structure under large deflections and its possible implementation in a PC based motion sensor, we present an analysis of the NPR structure using an example of a unit cell of the size of C H = C V = 10 μm, inclination angle α = 75
• and width of the inclined beam d = 0.01C H = 0.1 μm which results inr = 0.0112. Note that the parameters are chosen to be compatible with requirements imposed by a PC based motion sensor [15] . A device of these dimensions can be fabricated, for example, using E-beam lithography. The advantage of using a square unit cell is that in this case μ = 1, which makes the analysis less complex and more intuitive. The calculation of ν at small deflections for the inclination angle α = 75
• yields ν H V = −3.7. An external tensile force is applied in the H direction and there are no forces in the V direction.
Analysis of the NPR structure shows that at large strains the linear and the inextensible elastica models, although applicable at small and moderate deflections, respectively, inadequately predict the behavior of the structure at large deflections. Figure 5 shows the deformation of the inclined beam and the midpoint trace of the beam during the increase of loading. At the first stage of loading in the H direction, when very small deflections occur, the midpoint of the beam deflects in the direction perpendicular to the axis of the beam as correctly predicted by the linear and the inextensible elastica models. At the next stage of the loading, as the deflections and rotations of the beam's axis are getting larger, the geometrical nonlinearity has a significant effect on the beam deflection, which makes the linear solution inadequate. At this stage, the deformation is predominantly due to bending, the axial force is small and inextensible and extensible elastica models provide very close results. At the final stage of the loading, when the forces in the H direction and the deflections are large and the beam is almost straightened, the bending of the inclined beam makes only a minor contribution to the deformation, which increases mainly in the direction of the applied force due to the extensibility of the beam's axis. At this stage the inextensible model is no longer valid and a complete extensible elastica model should be considered (see table 2 ). The elongations H, V of the unit cell in the H and V directions, respectively, are illustrated in figure 6 . One observes that the displacements in the V direction can be described with high accuracy, over the entire deflection range, by the inextensible elastica model. However, at large deflections, the cell elongation in the H direction, and therefore the ν of the cell, cannot be expressed accurately using the inextensible elastica model and accounting for the extensibility of the beam axis is necessary.
In order to characterize the stiffness of the NPR structure, we calculate the effective stiffness in accordance with the expression
Note that this value can be viewed in a sense as an effective elastic secant modulus of the NPR material. At large deformations, the effective stiffness of the structure is deflection dependent and grows with deflection as shown in figure 7 . One observes that the effective stiffness calculated using the inextensible elastica model increases infinitely since the stiffness of the unit cell depends only on the bending of the inclined beam and the beams cannot be fully straightened by a finite force. In the framework of the extensible model, the effective stiffness is bounded and smaller than that given by the inextensible elastica model. Note that the extensibility • ,r = 0.012) described by the inextensible and extensible elastica models. The structure is subject to the tension in the H direction.
of the inclined beam's axis allows elongation of the cell in the H direction to be larger then the theoretically maximum achievable value ε MAX H = 1/ sin α − 1 (which corresponds to complete straightening of the inclined beams) provided by the inextensible model. As we will demonstrate later, this fact has a significant influence on the ν of the structure.
The dependence of ν on the strains under external forces in the H direction, as described by the inextensible and the extensible models, is shown in figure 8 . One observes that under large deformation ν is not constant and varies significantly throughout the strain range. We divide the graph into three main zones corresponding to the three stages of deformation. At the initial stage of deformation the deflections are small and ν can be calculated with a satisfactory accuracy using the linear model. At the second stage, as the deflections grow, an increased bending of the inclined beam leads to a decrease in ν. This can be explained by considering the linearized honeycomb structure in an actual deformed state using the small-deformation model for the calculation of ν, which decreases with the reduction of the angle α. Since at this stage the elongation of the cell is predominantly due to the bending of the inclined beam, good accordance between ν calculated using the inextensible and extensible formulations is observed. At large deformations, as was already mentioned, the bending of the beam makes a minor contribution to the cell deformation, which increases mainly due to the extension of the beam's axis (see figures 5, 6 ). The reason is that at this stage a small increment in deflection in the vertical (V ) direction requires a large increment in loading (see figure 6) since the force applied in the H direction produces vanishing bending moment in the almost straightened beam. On the other hand, the increasing loading leads to the extension of the beam axis and consequently elongation of the cell in the H direction. One can conclude therefore that at this stage the extensibility of the beam axis results in the reduction of the rate of decrease of ν with loading. When the stretching is large enough and the bending is small enough, a minimum occurs in the ν graph with ν growing upon further cell elongation. In the vicinity of this minimum, ν is practically constant. For example, for α = 45
• andr = 0.0082, ν is changed by 0.1% within the strain range 0.402 ε H 0.412, whereas this change exceeds 1% in the vicinity of ε H = 0 (linear region) for the same strain interval. This feature is very advantageous for the implementation of NPR in PC based sensing devices since it allows for tuning ν (which is usually uncertain due to low relative tolerances of microfabrication) with high precision by application of an external force.
Design of a specific Poisson ratio
The results presented in the previous section can be effectively used for designing a re-entrant honeycomb structure with desired properties. In the case of small deflections, ν is strain independent and its value is defined by one parameter (the inclination angle α), i.e. entirely by the initial geometry of the structure. For larger deflections, ν becomes strain (and therefore applied force) dependent and can be tuned within a large range by changing the external loading. At large strains when the inclined beams are almost straight, there is a minimum point on the strain-ν curve. In the vicinity of this point ν is practically insensitive to strain. The strain value of the minimum point on the strain-ν curve is defined by the initial geometry of the cell (the inclination angle, α) whereas the value of ν itself at this point is defined, in addition to α, by the extensibility of the inclination beam associated with the parameterr (or the beam slenderness 1/r). The design of an NPR structure for a desired value of ν at given strains is based on changing two parameters-the initial inclination angle α and the inclined beam width d (which, for a rectangular cross-section and given beam length, completely defines the slenderness of the beam). Note that, for given cell dimensions, the inclination angle affects the beam's length and implicitly its slenderness (see equations (3a) and (13b)). The effect of these parameters on the location of the minimum at the strain-ν curve is illustrated in figure 9 . Decreasing the inclination angle α leads to an increasing strain value corresponding to the minimum of the strain-ν curve, while increasing ν itself. Increasing the beam's slenderness by changing its width, d, lowers the minimum ν for the same strain.
A remark should be made concerning the level of stresses developed in the beams under large deflections. Stress calculations show a strong dependence of the maximum stress on the initial inclination angle α. Large-angle structures exhibit smaller stresses at the loading corresponding to the minimum point of the strain-ν curve. Small angle structures suffer from high stresses, mainly due to bending of the inclined beam and large cell strains required in order to reach the minimum of the strain-ν curve (as shown in figure 9 ).
Since ν can also be designed by changing the aspect ratio of the conventional NPR unit cell μ = C V /C H (see equation (1) ), the inclination angle α can be set to large values in order to reduce the stresses. Then the design of the structure can be done in two stages: (1) setting a large inclination angle α to reach the minimum ν at small deflections and low stresses and (2) setting the unit cell dimensions C V and C H to get the desired ν value. For example, for the structure parameters adopted in the previous example, namely C H = 10 μm, inclination angle α = 75
• and the width of the inclined beam d = 0.1 μm, we have ν H V = −6.13 at the point of the minimum. It can also be mentioned in passing that, in contrast to Si, polymeric materials, which are used for the fabrication of NPR microstructures [19] , can sustain very large strains without damage and thus a smaller inclination angle α can be employed.
Conclusion
A nonlinear analysis of a re-entrant honeycomb structure, as a main element of NPR materials under large deflections is presented. A geometrically nonlinear model of the structure, viewed as an assembly of flexible beams, is built using extensible elastica theory. The extensibility of the beam's axis, accounted for by the model, turns out to have a profound effect on the behavior of the structure under large strains. It was found that, due to extensibility, the strain-ν dependence is nonmonotonic and has a minimum. In the vicinity of this minimum the ν is practically independent of strain. Accounting for the nonlinearity of beam deflections and the extensibility of the beam's axis extends the number of parameters which can be used for tuning ν at the design and operation stages, such as the inclination angle α, the beam cross-section and the unit cell aspect ratio, μ. These features can be effectively implemented in various devices based on NPR structures.
